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The thermal expansion of a uid ombined with a temperature-dependent visosity introdues
nonlinearities in the Navier-Stokes equations unrelated to the onvetive momentum urrent. The
ouplings generate the possibility for net uid ow at the mirosale ontrolled by external heating.
This novel thermo-mehanial eet is investigated for a thin uid hamber by a numerial solution
of the Navier-Stokes equations and analytially by a perturbation expansion. A demonstration
experiment onrms the basi mehanism and quantitatively validates our theoretial analysis.
PACS numbers: 47.15.gm, 47.61.-k, 47.85.L-, 47.85.-g
Spatial onnement of a liquid hanges its ow be-
havior markedly, sine the importane of surfae fores
relative to the volume fores inreases as the onnement
beomes smaller. Reently, ow at the sale of millime-
ters and below has attrated signiant attention, stimu-
lated by the rapid advanes to manipulate and to ontrol
small-sale devies [1, 2, 3, 4℄. Sine mirouidi ow of-
ten is essentially at zero Reynolds number, visous drag
overwhelms the inertial eets of the uid giving rise to
peuliar ow behavior [5, 6℄. In partiular, heat ondu-
tion beomes quite eient, sine the thermal diusiv-
ity κ = k/ρcp, with k the thermal ondutivity and ρcp
the volumetri heat apaity, implies thermal relaxation
times D2/π2κ of the order of 0.1ms for water onned
by walls separated by D = 10 µm. Usually, this strong
thermal oupling gives rise to a uniform temperature and
all physial proesses are isothermal. Sine pressure ef-
fets upon density are negligible if the veloities are small
with respet to the speed of sound, uid ow is essentially
"dynamially inompressible" [7℄, i.e. the veloity eld is
solenoidal, div ~v = 0.
Reently, it has been noted by Yariv et al. [9℄ that for
the ase of unsteady heating this is no longer the ase
and one an in priniple generate a non-solenoidal ow.
A transient uid ow emerges due to a thermal expansion
of the uid as a reation to the heating in ombination
with the thermal diusion.
In this Letter we propose a novel mehanism to gen-
erate net ow in a thin uid hamber, i.e. a visous
liquid onned between two plates separated by a dis-
tane of the order of a few mirometers. The driving of
the uid ow is provided by imposing a traveling tem-
perature wave. We show analytially within a thin-lm
approximation that suh unsteady heating leads to net
uid ow. Then we orroborate our analyti approah
by a nite-element alulation. Last we provide rst ex-
perimental evidene that there is indeed net ow and
that the fundamental dependenes have been orretly
identied.
The basi mehanism may be summarized as follows:
Due to thermal expansion of the liquid the motion of
the heating results in a pressure modulation. The pres-
sure gradients indue a potential ow whih, however,
does not lead to net uid ow. Yet, the tempera-
ture dependene of the shear visosity gives rise to a
small net mass transport typially opposite to the mo-
tion of the heat soure. The ow veloity is then propor-
tional to the thermal expansion oeient of the uid,
α = ρ−1
0
(∂ρ/∂T ) as well as to the thermal visosity oef-
ient β = −η−1
0
(∂η/∂T ).
The geometry under onsideration onsists of a thin
hamber of height D and a muh larger lateral exten-
sion. There is a natural small parameter ǫ = D/L ≪ 1,
where L is a typial length sale in the lateral diretion.
Sine the lm is thin one expets the Navier-Stokes equa-
tions to be dominated only by a few terms. To iden-
tify the relevant ontributions dimensionless quantities
are introdued as t = T t∗, vi = Uv
∗
i , vi = vv
∗
⊥
, xi =
Lx∗i , x⊥ = Dx
∗
⊥
, p = Pp∗. Lateral diretions are la-
beled by a latin index i ∈ {x, y}, whereas the vertial
diretion is indiated by the subsript ⊥. To keep all
terms in the mass onservation law the sales are ho-
sen as v = ǫU, T = L/U , and onsequently the uid
ow is essentially in-plane. To balane the leading or-
der term in the momentum onservation law the pres-
sure sale has to be hosen as P = η0U/(ǫ
2L). Momen-
tum transport via onvetive proesses may be ignored
from the very beginning sine the Reynolds number is
small, Re = ρ0UL/η0 ≪ 1 [15℄. Then the mass onser-
vation law and the momentum balane in perpendiular
and lateral diretion read to leading order in a thin-lm
approximation, see e.g. [8, 10, 11℄ (restoring units)
∂tρ+∇⊥(ρv⊥) +∇i(ρvi) = 0 , (1a)
∇⊥p = 0 , (1b)
∇⊥[η∇⊥vi] +∇ip = 0 . (1)
As a onsequene of the thin lm geometry, (i) bulk vis-
ous proesses do not ontribute to the leading order
equations, (ii) the pressure is homogeneous in the per-
2pendiular diretion, (iii) lateral pressure gradients drive
the lateral uid ow. Note that the divergene of the
veloity eld is irrelevant for the momentum balane but
plays a ruial role in the mass onservation law.
The oupling to the temperature enters the equations
via the expansion of the uid as well as by the tem-
perature dependene of the shear visosity. For the
problem at hand it is appropriate to neglet the me-
hanial ompressibility of the uid and to expand the
equation of state to rst order in the temperature eld,
ρ = ρ0(1 − αδT ), where δT is the loal temperature
hange and α = −(∂ ln ρ/∂T )p the thermal expansion
oeient at the referene state (ρ0, T0). The density
eld then is eliminated from the equations of motion in
favor of the temperature eld δT . A seond ingredient
for the theoretial model is to inlude the variation of the
shear visosity with temperature. Introduing the ther-
mal visosity oeient β = −(∂ ln η/∂T )p, the oupling
reads η = η0(1− βδT ) to rst order.
In the ase of onsiderable thermal oupling to the
walls the temperature eld approximately reets the
prole of the heat soure and then the temperature is
uniform perpendiularly to the walls. The in-plane vari-
ations of the temperature eld our on sales λ, b≫ D,
where λ denotes the wavelength and b the typial lateral
extension of the heating. Consequently, the spatial de-
pendene of the density and the shear visosity is only
in-plane as it is inherited from the temperature prole.
With this additional assumption, the in-plane momen-
tum balane equation, Eq. (1), is readily integrated for
no-slip boundary onditions at the walls
vi = −
1
2η
z(D − z)∇ip , (2)
i.e. the veloity prole orresponds to Poiseuille ow.
Sine the spatial dependene of the veloity proles
perpendiular to the wall is known, one may projet the
three-dimensional problem to the two-dimensional plane
by averaging over the vertial z-diretion,
v¯i =
1
D
∫ D
0
vidz = −
D2
12η
∇ip . (3)
Beause the density is assumed to vary only in the lat-
eral diretion, the mass onservation law, Eq. (1a), an
be diretly averaged over the perpendiular diretion,
∂tρ +∇i(ρv¯i) = 0, without introduing new terms. The
pumping proess beomes stationary in the frame of ref-
erene omoving with the heat wave, i.e. substituting
v¯x 7→ v¯x − u, where u denotes the veloity of the heat
wave. Then in the omoving frame the averaged mass
onservation law yields
− u∇xρ+ ρ∇iv¯i = −v¯i∇iρ . (4)
Here the veloities v¯i are small quantities, typially v¯i ≪
u. From the losed set of equations, Eqs. (3) and (4), the
FIG. 1: (olor online) Finite element solution for a tempera-
ture wave in the omoving frame. (a) The temperature pro-
le is indiated by the olor sale and the arrows refer to the
indued veloity ow. (b) The orresponding pressure modu-
lation (olor sale) and the solenoidal omponent of the ow.
uid veloity an be alulated. The temperature prole
in the omoving frame enters Eq. (4) in the form of den-
sity gradients,∇iρ = −αρ0∇iδT and Eq. (3) via the tem-
perature dependent visosity. The net ow emerges only
if the thermal visosity oeient β is non-vanishing. For
a temperature-independent visosity the pressure ats as
a veloity potential, Eq. (3), and averaging along the di-
retion of the wave propagation yields a vanishing net
ow.
We exemplify the ow proles for the ase of a gaussian
temperature wave δT (~r) = δT0 cos(kx) e
−y2/2b2
, obtained
by a numerial solution of Eqs. (3) and (4) using the Fem-
lab®3.1 software pakage by Comsol. We have used a
wavelength λ = 2π/k = 50 µm, a lateral width b = 7 µm
of the gaussian modulation, a temperature amplitude of
δT0 = 3.8K, and a thermal wave veloity u = 100mm/s.
The parameters for α = 3.0 · 10−4K−1, β = 0.022K−1
orrespond to water at ambient temperature. The pa-
rameters have been hosen suh that the temperature
modulation appears approximately as a train of irular
heated areas mimiking the demonstration experiment
below. The regions where the temperature gradient is
maximal (minimal) at as soures (sinks) for the velo-
ity eld, giving rise to a loally dipolar pattern of the
uid ow, see Fig. 1(a). Careful inspetion reveals that
the veloities in the heated regions are bigger than in the
older ones. The pressure prole is shifted by a quarter of
a wavelength reeting the loal expansion of the uid,
3Fig. 1(b). The solenoidal part of the veloity eld has
been obtained as the dierene of two Femlab alula-
tions for thermal visosity oeients β 6= 0 and β = 0.
Close to the enter of the wave this ontribution is di-
reted opposite to the thermal wave veloity with an aver-
age pump veloity vFEM

= 2.88 µm/s at the enter of the
thermal wave, whereas far away from the heating there is
a harateristi bakow. The pressures indued by the
pumping are below 10−6 bar (Figure 1b). The pressure
limitations of the glass hamber used are estimated to
10 bar by a nite element alulation. However, the pres-
sure indued by the pumping inreases with the visosity
of the uid and eventually will stall the pump motion
sine thermal expansion will deform only the hamber
walls instead of triggering uid motion. So we expet to
equally pump uids with visosities 107 fold higher than
water.
To gain further insight, we develop a perturbative an-
alytial solution for the uid ow appropriate for small
temperature hanges. Formally, the expansion is per-
formed in the small parameters α and β, and we shall
show that net uid ow rst ours at O(α · β). The
quiesent uid vi ≡ 0, p = p0 solves the governing equa-
tions to zeroth order in α, β, i.e. if all ouplings to the
temperature eld are ignored. To leading order in α, the
term on the r.h.s. of Eq. (4) is of seond order and may
be ignored. Similarly, (3) is expanded to rst order in
the temperature hange
v¯i = −
D2
12η0
(∇ip)(1 + βδT ) . (5)
Already at this point one onludes that to order O(β0)
the veloity orresponds to potential ow only, hene no
net pumping arises to that order. The leading order to
the pump veloity is then expeted to be of order O(αβ).
To identify the net uid motion it is favorable to intro-
due the veloity potential, χ, and the stream funtion,ψ,
via v¯x = ∇xχ+∇yψ, v¯y = ∇yχ−∇xψ. From Eq. (5) one
infers that the leading term orresponds to pure gradient
ow, i.e. χ = −(D2/12η0)p, where χ(~r) denotes the ve-
loity potential and ~r = (x, y). To the required order χ
is determined by ombining Eqs. (4)
∇2χ(~r) = −αu∇xδT (~r) +O(α
2) . (6)
One the veloity potential is determined, the stream
funtion is alulated by extrating from βδT (~r)∇iχ(~r)
its solenoidal omponent. By Helmholtz's deomposition
theorem, the stream funtion satises a Poisson equation
−∇2ψ = ∇x(βδT∇yχ)−∇y(βδT∇xχ) . (7)
The lowest order ontribution to the stream funtion is
thus proportional to α·β, whih also sets the overall sale
of the thermo-mehanial eet. Furthermore one infers
from Eq. (7), that a stritly one-dimensional temperature
modulation does not give rise to solenoidal ow. The
remaining task is to solve the set of Poisson equations,
whih an be easily implemented by numerial methods.
To determine the average ow for a travelling periodi
temperature wave train of wavelength λ, it is atually
suient to know the veloity potential,
v

(y) ≡
1
λ
∫ λ
0
dx v¯x(~r) = −
1
λ
∫ λ
0
dxχ(~r)β∇xδT (~r) ,
(8)
where the last relation follows from the representation,
Eq. (5) and an integration by parts.
To illustrate the physis we onsider a gaussian tem-
perature wave δT (~r) = δT0 cos(kx)e
−y2/2b2
, where b
haraterizes the lateral width of the wave train. The
Poisson equation, Eq. (6), an be solved exatly in terms
of error funtions [12℄, however, it is instrutive to on-
strut an approximate solution for wide waves, kb ≫ 1.
Then the problem is eetively one-dimensional, and χ
depends on the lateral oordinate y only parametrially.
One readily alulates χ = −uαδT0 sin(kx)e
−y2/2b2/k,
implying a net uid motion
v

(y) = −uαβ(δT0)
2 exp(−y2/b2)/2 , (9)
typially opposite to the motion of the traveling tem-
perature wave. Sine by assumption the hanges in the
density and the visosity are small, the net uid motion
is muh slower than the veloity of the temperature wave,
v

≪ u.
We have onrmed the predited uid movement in a
demonstration experiment. A irular variant of a ther-
mal wave is imposed with infrared light to a thin uid
lm, see Fig. 2. The uid movement is reorded us-
ing mirometer-sized uoresent partiles and the ther-
mal wave is imaged strobosopially with temperature-
sensitive uoresene. Within experimental errors, the
theory aptures the thermally triggered net ow.
The details of the experiment are as follows: A ber
laser at 1455 nm and a maximal power of 5 W (RLD-5-
1455, IPGLaser) is deeted by an aousto-optial dee-
tor (Pegasus Optik, AA.DTS.XY.100) and moderately
foused from below (Thorlabs, C240TM-C, f = 8mm,
NA = 0.5) to a 10 µm thin uid lm sandwihed between
sapphire windows. The light is absorbed by water with
an attenuation length of 305 µm. The hamber is imaged
from above by a uoresene mirosope (Zeiss, Axioteh
Vario) and a CCD amera (SensiCam QE, PCO). The il-
lumination is provided by a green LED (LXHL-LX5C,
Luxeon) whih for the temperature imaging was modu-
lated with a bandwidth of 150 kHz using a laser urrent
soure (LD-3565, ILX Lightwave). The temperature eld
was imaged using 50 µM of the uoresent dye BCECF
under strobosopi illumination [13, 14℄ to determine the
temperature amplitude of the thermal wave.
4FIG. 2: (olor online) Demonstration experiment. (a) A ir-
ular thermal wave is reated in water by a moving fous of
an infrared laser. The temperature is inferred by strobosopi
imaging of a temperature-sensitive uoresent dye. (b) Peak
temperature along the irumferene. A sinusoidal t yields
a temperature amplitude of δT0 = 3.8± 0.5K.
FIG. 3: (olor online) Experiment versus theory. (a) The
uid veloity sales quadratially with the amplitude of the
thermal wave δT0. (b) The speed inreases linearly with the
veloity u of the thermal wave. Measurements are given as
dots, the theory as solid lines with the geometrial prefator
determined in Ref. [12℄. Error bars are standard errors.
The thermal wave is generated by a sanning laser
spot. Six individual temperature peaks are reated by
a irular pattern of radius R= 50 µm with a base fre-
queny of 30 kHz. The frequeny is faster than the ther-
mal relaxation time, whih is dominated by the verti-
al heat urrents and determined to 0.21ms using a -
nite element alulation. As result, a steady thermal
wave of six points is generated, measured in Fig. 2.
The points are rotated using a slower shift frequeny
fS = 0.2 . . . 2 kHz. The result is a irular thermal wave
with veloity u = fS × 2πR/6 = 10 . . . 100mm/s.
Fluid veloities are measured by single partile trak-
ing of 80 pM of 1 µm diameter silia beads (PSi-G1.0,
Kisker). Partile veloities ould be well disriminated
from Brownian diusion by traking 5 independent par-
tiles over 10µm with a positional error of 1 µm. The
peak veloity of the paraboli ow prole was measured
by seleting the beads in the hamber enter. The exper-
imental values were multiplied by 2/3 to ompare with
the hamber-averaged theoretial values. Optial trap-
ping or thermophoresis would move the traer partiles
with the thermal wave, opposite to the observed ow di-
retion. Under the experimental onditions, both eets
would yield similar attrative fores. However, ontrol
experiments in heavy water with its 100-fold dereased
absorptive heating only revealed moderate attration into
the illuminated ring, but no pumping movement along it
(<0.13 µm/s). This indiates that the partiles are ideal
traers of the uid motion at the used fous size [14℄.
With the above desribed temperature pattern and a
thermal wave veloity of u = 100mm/s we measure a
peak uid ow of vexp

= 2.7 ± 0.5 µm/s. We expet
from the wide wave solution, Eq. 9, a uid veloity of
vtheo

= 4.77 µm/s. Applying the omplete analytial so-
lution [12℄ or the Femlab result yields vFEM

= 2.88 µm/s
whih desribes the experimental result quantitatively.
Two parameter variations further onrm the theoret-
ial model (Fig. 3). The dependene on the temperature
amplitude δT0 exhibits a paraboli dependene (Fig. 3 a)
as expeted theoretially by Eq. (9). Furthermore, the
uid veloity sales linearly with the veloity u (Fig. 3 b)
of the thermal wave as predited (solid lines). We there-
fore nd experimentally that a irular thermal wave trig-
gers a uid ow aording to the theoretial desription.
To onlude, we showed that a thermal wave an move
a uid by the nonlinear ombination of the temperature-
dependent density and visosity. While the obtainable
uid veloities are small at present, future improvements
ould allow mirouidi appliations.
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